The anisotropic s = 1 2 anti-ferromagnetic Heisenberg chain in the presence of an external magnetic field is studied by using the standard quantum renormalization group.
Introduction
The quantum aspect of many models is quite important for the theory of phase transition, particularly at zero temperature where due to the quantum fluctuations in the ground state, phase transitions may demonstrate a different character from the corresponding classical systems. The determination of the nature of the ground state and its energy is therefore a central point of quantum many-body problems and few methods exist which can work with strongly interacting systems. One of the techniques for doing this is the real space renormalization group (RSRG), introduced by Wilson [1] in the Kondo problem and Drell et al. [2] for lattice models and used by many authors to study spin and fermionic systems [3] .
A comparison of the various approaches was made by Stella et al. [4] .
In the standard approach of RSRG (hereon by RSRG we mean the standard approach), the lattice is divided into blocks inside which the Hamiltonian is exactly diagonalized. By selecting a number of low-lying eigenstates of the block and constructing the embedding operator (T)(see [5] and references therein), which is the mathematical artifact to project the full Hamiltonian onto these eigenstates, a renormalized Hamiltonian is constructed for the blocks which are treated as the sites of the new lattice. The interaction between adjacent blocks are also reconstructed. By repeating the operation, the ground state is formed in a hierarchial way and its energy is calculated iteratively by accumulating the energies of the blocks. Since the method constructs an approximate wave function for the whole system, the ground state energy so found is necessarily bounded from below by the exact one. The accuracy of the method is determined by the number of states kept and specially sensitive to the boundary conditions [6, 7, 8] which is considered for the block Hamiltonian.
In 1992, White [9] succeeded in greatly improving the efficiency of the RG method by the density matrix renormalization group (DMRG) scheme. In this approach, one embeds each block into a larger block (superblock) and considers the block as a quantum system in interaction with a reservoir (the rest of the superblock). The block can then be described by a reduced density matrix, whose eigenkets with the highest eigenvalues are used to construct the embedding operator (T). Although the DMRG method gives accurate results for the ground state energy compared with the RSRG, its practical implementation is much more difficult and time consuming, due to lack of an analytic RG-equations. Drzewinski et al. [10, 11] have studied Ising model in a transverse field (ITF) and anisotropic XY model in a transverse field (AXYTF), by using both RSRG and DMRG methods. They have concluded that DMRG gives accurate results for the ground state energy and correlation functions in both models, but a RSRG method where the number of states kept are not few can give better results in determining the location of critical points and critical exponents. In this way we have been motivated to study a general model, the anisotropic Heisenbrg model in the presence of an external magnetic field (xxz+h) by using the RSRG method to compare its results with the known exact ones. This RG study allows us to obtain analytic RG equations which gives a better understanding of the behaviour of the RSRG method at the critical points. We study the xxz+h model because of its richness in the phase-diagram which demonstrate different critical behaviour. In this study we have succeeded to obtain the critical line between the partially magnetized (PM) and saturated ferromagnetic (SFM) phases to a good accuracy compared with the known results [12] . We have also derived the crossover between the PM phase (small anisotropy −1 < ∆ < 1) and the anti-ferromagnetic Ising (AFI) phase (large anisotropy ∆ >> 1) and calculated its exponent (φ > 0) which verifies the relevance of anisotropy to the crossover phenomena. These results which comes out of a RSRG by keeping only two states in each blocks confirms that the RSRG is a good candidate to study at least the qualitative behaviour of the quantum lattice systems in the quantum critical points.
In this letter we have studied the xxz+h model by a RSRG method where the block length is three (n B = 3). In the next section we will introduce the xxz+h model and its critical behaviour which has been derived by other methods. In section 3 we will discuss about different types of constructing RG-equations and obtain the analytic RG-equations for this model. By these equations we will describe the phase-diagram of this model. We will discuss the critical behaviour of the xxz+h model by RG-equations in section 4. In section 5 we will compare some of the results i.e. ground state energy and correlation functions with the known exact results. The paper ends with a conclusion.
The Model
The anisotropic spin 1 2 anti-ferromagnetic Heisenberg model, or xxz chain is one of the most studied quantum spin systems in statistical mechanics. It is also a classical example of the one dimensional integrable quantum spin system [12, 13, 14] . The xxz chain give us the first example of a critical line with critical exponents varying continuously with the anisotropy.
The model has also been studied by using the conformal invariance idea [15] where the critical fluctuations along the critical line is governed by a conformal field theory with conformal anomaly c=1. The RG study of xxz model has been performed by Rabin [16] . At ∆ = 0 the model is exactly solvable by a Jordan-Wigner transformation to free-fermions [17] even in the presence of external magnetic field and have been studied by RG formalism [10] .
The Hamiltonian in the presence of an external magnetic field is
where J > 0, ∆ is the anisotropy parameter which is considered to be ∆ ≥ −1, in the antiferromagnetic region and h > 0 is the strength of the external magnetic field. The effect of a uniform magnetic field in the phase diagram of the xxz chain is to extend the critical phase over a finite region which is a partially magnetized and delimited by a critical line where the chain becomes saturated ferromagnetic [12, 15] . Uniform external magnetic field does not destroy the exact integrability of the quantum chain but the coupled integral equations for the spectrum parameter do not allow closed analytic solutions. Then the only results are numerical or perturbative ones [12, 14, 15] .
This gives a relation between the antiferromagntic(J > 0) and ferromagnetic(J < 0) cases. Also at ∆ = 1 and h = 0 the Hamiltonian exhibits su(2) symmetry while it breaks to U(1)×Z 2 for ∆ = 1, although it exhibits a quantum symmetry su q (2) [18] . If h = 0, the only symmetry is U(1). Let us now begin the RG study of the xxz+h model.
Renormalization Group Equations
The implementation of RSRG is based on two important points, the size of blocks and the number of states kept in each step of RG. Both of them would have significant effects on the RG flow. Here we choose a 3-sites block(n B = 3) for the renormalization process. In this case the two lowest energy states of the block Hamiltonian preserve the symmetries of the Hamiltonian and lead to a self simillar Hamiltonian. Moreover at large ∆ and h the level crossing of the ground state in the block occurs at a coupling constant which is exactly its critical value (it will be explained latter, see also appendix). Finally taking larger blocks, renders an analytic RG-equations, difficult to obtain.
After dividing the whole chain into 3-sites blocks, the first step of RSRG is to divide the Hamiltonian into two parts, the intra-block Hamiltonian (H B ) and the inter-block Hamiltonian (H BB ). There are several choices for doing this which are sketched in fig.1 . In fig.1 -a the external magnetic field of the central site of a block is considered as some part of H B and the remaining part of external magnetic field is in the H BB . In this case the form of two lowest energy states of the block in the presence of the external magnetic field is independent of the external field. Then the RG-equations will be independent of h and will not show any criticality due to h. If we take the decomposition of external magnetic field to the H BB and H B part as in fig.1-b and fig.1 -c, the previous story will repeat. Conversely, if we take the external magnetic field in the H B the low energy states of the block will depend on h, through level crossing of the ground state. This leads to a RG-equations through which many critical properties of the xxz+h model can be obtained. Thus in our prescription we choose the decomposition which is sketched in fig.1 
-d. In this case the block Hamiltonian is
where µ represents the block number i.e. 
where |α and |β represent the two low-lying eigenstates of H B and |+ , |− are the renamed base kets for the effective Hilbert space.
There is a level crossing at h = h 0 (eq. (5) state to the
. Note that h 0 comes from the finite size effects of a 3-sites block and reaches the critical value of external magnetic field (h c ) by increasing the block sizes (n B → ∞). In that case the ground state changes from a PM state (m = 0) to a SFM state (|m| = 0.5). Thus in the absence of field h = 0, the ground state of the block Hamiltonian is a spin 1 2 doublet. As h is turned on weakly, we enter in a Zeeman regime and the doublet splits into two states. This is true as long as h < h 0 . For strong fields, we are in a regime in which the ground state is a singlet with all spins down. This should correspond to h > h 0 . Therefore for h < h 0 :
Also for h > h 0 :
Having the embedding operator at hand, the operator (observables) are renormalized as
By using the above equation one can obtain the renormalization of operators. Thus for h < h 0 we obtain the following relations : (h < h 0 )
We find the same renormalization for s 1 and s 3 because of the symmetry in site 1 and 3 in the block (1-2-3). We will obtain similar relations for h > h 0 :
In the above equations s ′α is the effective operator in the effective Hilbert space of the block (new sites in the renormalized chain). By considering the interaction between blocks and using the above equations (8), (9) we will obtain the renormalization of coupling constants in the Hamiltonian. If
and if
The above RG-equations show that the renormalized Hamiltonian is of the same form as the original one. The critical behaviour which can be obtained from these equations will be discussed in the next section.
Let us consider an extreme case where both h and ∆ go to infinity and J goes to zero but J∆ = cte, Jh = cte and 
where
At large ∆ (∆ >> 1) we have h 0 ≃ ∆ , a → 1 and b → 0 then the RG-equations reduces to the following equations.
If |h| < ∆ :
and if |h| > ∆ :
This RG-equations gives exactly the critical point g c = 1 and the ground state energy of the AFI model(see appendix), which will be discussed in the next section.
Critical Behaviour
In this section we analyze the RG-equations and its critical behaviour. The phase diagram of the obtained RG-flow(eqs. (10, 11) ) is depicted in fig.2 . This phase diagram consists of three different phases, partially magnetized (PM), classical anti-ferromagnetic(AFI) and saturated ferromagnetic (SFM) phases.
There are five fixed points in the phase diagram, . The dynamical exponent (z) is
. The critical exponent α connected with the specific heat is calculated from the the RG-equations in (14) and (15) gives a fixed point at g = 1 in the limit ∆ → ∞, which is equal to the exact critical point.
The RG-flow in (14) and (15) show a fixed line at ∆ → ∞ for all g < 1. This means that there is a unique ground state for any value of 0 ≤ g ≤ 1 and the distinction between two different g value is only due to the excited states of the Hamiltonian.
We have also calculated the ground state energy by using the RG-equations (14) and (15) in a hierarchial way by accumulating the energies of the blocks (see appendix). The obtained result is equal to the exact result of the ground state energy. One can also retrieve the critical line 0 < ∆ < 1 ; h = 0 by RSRG using the su q (2) symmetry [20] for the whole chain which differs only at the ends and is not important in the thermodynamic limit (N → ∞). However it is not suitable for ∆ > 1 case and also in the presence of the external field (h) this RG prescription could not describe the critical line h c (∆).
Energy and Correlation Functions
In this section we describe some more results which have been obtained by RG-equations in section-3. In fig.3 -a we have plotted the ground state energy per site(e o ) of the XX(∆ = 0) model versus external magnetic field(h). We have also compared the RSRG results with the exact one [17] . In the PM phase ( fig.3-a) there is a discontinuity in the e o which is due to level crossing(finite size effects) of 3-sites block i.e. due to h 0 (∆), which is h 0 = 0.707 at ∆ = 0.
Thus we have not considered this point as a critical point. Fig.3 -a shows a good agreement with the exact results in the SFM phase(h > h c ) but a slight difference in the PM phase.
It has been shown [6, 7, 8] that this difference is due to boundary conditions in an isolated block which neglects the remaining part of the chain. We have introduced a modified scheme to decrease this difference in the h = 0 case [8] . By using the RG-equations of section-3 the ground state energy for different value of ∆ can be calculated which will show the same behaviour as in fig.3 . We have plotted the ground state energy for ∆ = −1, −0.5, 0.5, 1 cases in fig.3 
The energy (E) of this chain is
where n s = n p −n m , n p is the number of up spins, n m is the number of down spins (n p +n m = N) and n f is the number of boundary walls of flipped spins. The maximum value of n f is obtained by a Neel ordering state (n p = n m = N 2 , n f = N), but for an arbitrary value of n s it can be written as
By using the definition of n s , (n f ) max can be written in the following form
Minimum value of E will be obtained if n s has its minimum value and n f has its maximum value.
When n m ≤ N 2
, we have
which is greater than all energies in the n m ≥ N 2
case. Therefore we will investigate E o in the n m ≥ N 2 region by minimizing E respect to n m , which is
It is obvious from (22) that for any valuae of g ≤ 1 the ground state energy is due to a Neel ordering state (n m = N 2 , n f = N) and for g ≥ 1 the ground state is a saturated ferromagnetic state (n m = N, n f = 0).
Renormalization group equations
At large ∆(∆ → ∞), the renormalization group equations (14) and (15) can be written for
≥ 0 as the following form g < 1 :
g > 1 :
The RG equations in (23) gives no running of coupling constants and leads to a fixed line 0 ≤ g ≤ 1. This means that from the ground state point of view there is no distinction between any arbitrary value of 0 ≤ g ≤ 1. But when g > 1 the only fixed point is g
The magnetization (m = These results confirm the Neel ordered state in the g < 1 region and the saturated ferromagnetic state in the g > 1. Note that these results is equal to the exact ones which has been obtained in the last section but if we take an even size block for the renormalization procedure, we could not obtain these values.
The calculation of ground state energy is easily done by accumulating the energy of blocks in a hierarchial way. The renormalized Hamiltonian is
Therefore the ground state energy per site is calculated to be
which is equal to the exact ground state energy. This result can not also be obtained by taking an even site block in the RG procedure. Tables   Table-1 
